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PARAMETRIC EQUATIONS
Consider x = /() and y = g(¢) then x and y are both functions of (z). These equations are called

parametric equations for x and y and the variable 7 is called a parameter.
Example of parametric equationis x =2¢, y=¢"—1

Derivative of parametric equations

dx ~ dy dy dy dt dx
x=f(t)andy=g(t); —= t); —=gI(t); S.—=—"x— where — =0
() andy=g(t); =S (1) =g (1) dx di  dx d

Examples
1. Find the derivative (%j of x=2t,y=1"—-1
x
Solution:
@:2, Q:Zt; .'.Q:ﬂxﬂzhxl:t; ta.
dt dt dx dt dx 2 dx
2.x=+1" y=1"+t
Solution:
ﬂ:3t2+2t ,ﬂ=2t+1; d—y=d—y><£=(2t+1)>< 21 = 2zt+1
dt dt dx dt dx 3t+2t 3T+ 2

3. x=cost, y=sint

Solution:
—:—sint, d—yZCOSl‘; Q=£X£:ﬂ:—cott; Q:—c ttz—&st:_ﬁ
dt dt dx dt dx —sint dx sint y
’ . (11
4. Find the gradient of the curve x = t , V= at the point | —,— |.
1+¢ 1+¢ 22
Solution:
d (1+0)-t(1) 1 dy (1403 = 3743 - 3 420
dt (1+z‘)2 (1+z‘)2 ©odt (1+t)2 (1+t)2 (1+z‘)2

dy _dy dt _3+2

—x(14); =32 +27
dx dt dx (1+t)

[ S VS P
Where x=§,1+t 2’ ’ ?
1 £ 1
When y=—; =—: 20=1+¢t; t=1;
2 1+t 2
When ¢ =1, @=3(12)+2(13)=5
dx

5.If x=£+1>, y=1>+t find %interms of 1.
2%

Solution:

1
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ﬁ=3z‘2+2t ,Q:Ztﬂ; .'.d—yzﬂxﬂzhﬂx 21 = 22t+1 = 2t+1
dx dt dx 3 +2t 3P +2 1(3t+2)

6. Ifx:i, y:i, find ﬂinterms of .

t+2 t+3 dx

Solution:

dx _(t+2)2-2(1) _2t+4-2t 4

dt (t+2)2 (t+2)2 (t+2)2

dy _(t+3)3-3t(1) _3r+9-3 9

dt (t+3)2 (t+3)2 (t+3)2

Ly _dy dr_ 9 (t+2) 9(r+2)

Cdeodiodx (1437 4 4(1+3)

Exercise
. dy . _ 2 _ . _ 2 _ 2 .
1.F1ndd—,1ntermsoftwhen a) x=at’, y=2at; b) x=(t+1), y—(t —1),
x
2 : 2 1 2 T . 2
2. x=cos’t, y=sin‘t; 3.x=t, y=;; 4. x =t —5, y=s1n(t);

2

d’y
dx’
Let xzf(t), yzg(t)

Parametric formula for

5 ,
b _d dt (@7&0) =y d—i/:dl But by chain rule
de dt dx \ dt dx dx

dy _dy dt Ay _dy dt

de dt  dx’ Ukt dt dx

Similarly,

d /-
d_3y:dx(y). d( ) dt

dx’ dx 7 dx 4 dx
dt
Example
. d’y.
1. Find I if x=t—1%, y=z‘—z‘3
Solution:
a2 ' a2
ﬁ=1—2l‘, d—y=1—3t2; Q=Qxﬂzi; y:l 3t
dt dt de dt dx 1-2t 1-2¢
dy (1=20)(=60)=(1-3°)(=2) —er+12+2-67 v 626142
dt (1-2t) (1-2t) Cdr (1-2)
2
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Py & a_ees2 1 _oioae
dx* dx dt dx (1—21‘)2 1-2t (1—21‘)3

2

2.Find d );Where x=cos’t ,y=sin’t.
X

Solution:

ﬁ=2(—sinz‘)cost; QzZ(cost)sint

dt dt

Q_Qxﬂ_ 2costsint 1 d’y ~0

dx dt dx —2sintcost T dx?

2

Find d);ifxzt, yzxﬁ;
dx

Solution:
1
dt a2

dy _dy di 1 1_ 1 dy_ 15

A dt dx 2 1 odidr 4

d’y _dy  dt_ %g_ 11

TR ) I 3

dx dt dx 4 ap2 4(\/;)

) 1
4. y=sint, x=cost+In| tan Et
Solution:
1 5,1 1

dy dx ESCC Et COSEt
zzcost; — = —sint +“=——=— = -sin t +( X ) =—sint+ I

! ! tan—¢ 2cos’—¢ sin—t 2cos—tsin—t¢

2 2 2 2
1
=—Slnt+‘—
sint

dx _—sin’t+1 _cos’t

dt sint sint

Q:Qxﬁ:costx sm2t =tant

dx dt dt cos t

d’ int int

—)2/=seczt>< sz =¥=tantsec3t

dx cos“t cos't
Exercise

2
Findz);where . x=2t-5, y=4t-7; 2. x=cost, y=35sint; 3.
x

x=1¢ —%, y=sin(t2)
3
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HIGHER DERIVATIVES
If fis a differentiable function, then its derivative " is also a function, so f may have a

derivative of its own, denoted by (f) = /. This new function f is called the second derivative
of f'because it is the derivative of the derivative of /. Thus

" d . d(d
£ 3= (1 (x))za(gf(x)j
Examples
1LIf f(x)=x°, thenf (x)=8x".So f (x = (f ):i( ):56x6
dx
Notation: If y = f(x), then y = /" (x _di( J/j

d(d’y _d3y
y f() dx[dxzj_dx3

The process can be continued. The fourth derivative £~ is usually denoted by /* or /¥ .In
general, the n” derivative of fis denoted by f (") and is obtained from £ by differentiating n
times. If y = f(x), we write
d"
=/ __y
2. Ify=x —6x —5x+3; y =3x"—-12x-5; y =3x"6x-12; y =6 , y(iv) =0
3.Find y'if x* +y* =16
Solution: Differentiating implicitly w.r.t. x,

X d dx y y dx y
d’ d(d d( x d _ d - 3x*dy  3x
_gz_(_y}_ B O Y A N P .
dx® dx\dx) dx\ y dx dx yiodx y
d’y 3 (=x*) 3x*  -3x® 3x®  -3x°-3x%) -3x (x4 +y4)
e =TT T3 | T s T T T T 7 = 7 but
X y y y Y Y Y Y
Yy +xt=16
ﬂ __48)62
dx2 y7

Or

dy dzy
12x*+4|3 +y’—=— =0
g { 4 (dx) d dsz
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2
12x +127 (d—yj +4y° 2L 4y _
dx dx’

2 2
3x2+3y2(?j 42
X

dx’
d’y _ -3x° _3y2 (d_y)z :_ﬁ_g[ij
dx2 y3 y3 dx y3 y6
_3x 3 Byt 3x 3t +xt)  Ba(16) 48y
Yy Yy Y V' oy Y
Examples

2

1. If4x" 247 =9, find 92

x
Solution:
2
Sx—ay D g, L_5x 20,
dx dcx 4y y
2
84 dy+dy Dl_g
dx dx dx
8—4yd—y 4(dyj )
dx’ dx
d’y dyj
=4 —| -8
yd)c2 (dx
dy
8—4
d’y (dxj dy 2x
= ;But —=——,
dx 4y dx y
2
2 2
2 8_4(XJ 8_167); 2 2 2 2
d’y _ y) _ yoo_ 8y —l6x” 2y —d4x
dx* 4y 4y 4y’ y3
Or d—y=ﬁ,
dx y
2x 4x*
ay  2y—2x 2y ——
dzy:2y 2x o Y- [yj_ y ) =2y2_4x2
dx2 y2 y2 yZ y3

5
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2

2.x*+3x—1*=3; Find fl{ at (1,1).
X

Solution:

dy dy
2x+3| x—+y |-2y—=0
* [xdx y} ydx

dy _ _0; dy —2x-3y
dx dx 3x-2y

2x+3xd—y+3y—2y
dx

> dx | dx ax’  \dx
oY _6dy
dy  “Lax de g dv_“2x-3y dy -2()-3() -5 _
dx 3x -2y ' de  3x-2y dx 31)-201) 1

Iy 2(-5) -6(-5-2
> 3()-20)

=50+30-2=78

2

3. 3x% 4+ 5xy + 4y* —4y=0. Find ‘; L at (0,1).
X

Solution:
6x+5(xﬂ+ﬂ) +8yﬂ—4d—y =
dx dx dx dx

0

6x +5xd—+5dy+8 D _4b_
dx dx dx dx

6+5(x 1Y dy)+5df +8[y
dx’

2
Q+(ﬁ)2]_4d_y
dx dx

=0
dx dx dx*

2 2
sxdf+5dy—4d - 65V g,V 8( )
dx dx’ dx’ dx dx

y dy dy o4y,
—_— =—6-5—-8y—=—8(—=
dx?  dx? dx ydx (dx)

dy dy o4y,

—-6-5"-8y—2—-8(—*

dzy dx ydx ()
dx* 5x+1

But
Sxd—y+5d—y+8yd—y—4ﬂ=—6xz>g _ & & 60 _
dx  dx dx  dx dx S5x+5+8y—-4 dx 5x+8y+1 500)+8)+1
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d’y —6-5(0)—8(1)(0)—8(0)* =0
dx® 5(0)+1
Exercise

1.Find y,y",y where a) yzli b) y=vx’+1 o) x’+1y’ =1 d) x’+6xy+)° =8 e)

NrE _

2.Let 9y =x"+3x+1. Show thaty" +xy —2y =0

3. Lety= l(x #0).Show that x’y +x’y —xy=0
X

7
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